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INTRODUCTION 

 The binary quadratic Diophantine equations (both homogeneous and non homogeneous) 

are rich in variety 61 .In 7 16 the binary quadratic non-homogeneous equations representing 

hyperbolas respectively are studied for their non-zero integral solutions. These results have 

motivated us to search for infinitely many non-zero integral solutions of an another interesting 

binary quadratic equation given by 0. = x10y+3xy-x 22 The recurrence relations satisfied by 

the solutions x and y are given. Also a few interesting properties among the solutions are 

exhibited. 

METHOD OF ANALYSIS: 

The Diophantine equation representing the binary quadratic equation  to 

be solved for its non-zero distinct integral solution is 

                 0 = x10y+3xy-x 22

                                                                        (1) 

Note that (1)  is satisfied by the following non-zero distinct integer pairs 

 (-2,2), (10,10), (40,20), (-90,-30), (-32,-8). 

However, we have other patterns of solutions for (1), which are 

 illustrated below: 

PATTERN :1 

Solving (1) for  x , we’ve 

                                   
2

100605103 2 yyy
x                                      (2) 

                        Let         
22 100605 yy

                                                                               

which is written as ,    4005)305( 22y
          

                        
222 205Y

                                                                            (3) 
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where           305yY
                                                                                              (4) 

 The  least  positive integer solution of (3) is    

     30,10 00 Y
                                                                  

  Now to find the other solution of (3), consider the pellian equation        

            
15 22Y                                                                                                     (5)                                                                                                                          

 
                                                                                

whose fundamental solution is  )9,4()
~

,~( 00 Y
 . 

 The other solutions of (5) can be derived from the relations 

522

~ n
n

n
n

gf
Y

    

where  

])549()549[( 11 nn

nf    

  ])549()549[( 11 nn

ng                    ,  n = -1,0,1,2….. 

 Applying the lemma of Brahmagupta between ),( 00 Y   and 
)

~
,~( nn Y

   

the  other solutions of  (3) can be obtained from the relations  

5

15
51

n
nn

g
f

                    

5

25
151

n
nn

g
fY

                                                                                                  (6) 

Taking  positive sign on the R.H.S of (2) and using  (4) and (6) the non-zero distinct integer  

solution of  the hyperbola  (1) are obtained as follows , 
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45371 nnn gfx
                                                                                      (7) 

6531 nnn gfy
                                                                                         (8) 

 

Some numerical examples are presented as below , 

 

                 n 

   

                
   1nx

 
 

 

                  1ny  

 

               -1 

 

                     18 

 

                12 

 

                0 

 

                   250 

 

               100 

 

               1 

 

                  4418 

 

               1692 

 

               2 

 

                79210 

 

              30260 

 

               3 

 

             1421298   

 

            542892 

 

              4 

 

           25504090 

 

           9741700 

 

The recurrence relations satisfied by   1nx
,
 1ny

 are respectively 

 6418 123 nnn xxx
      

9618 123 nnn yyy
 

PROPERTIES : 
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 )389(mod021 nn xx
      

 )317(mod0123 nnn xyx
      

 )16(mod0231 nnn xyx
      

 )30(mod033 nn xy
      

Note : Taking negative sign on the R.H.S of (2) , the corresponding values of  x are given by    

.841 nn fx
   

  PATTERN :2 

Solving (1) for  y , we get 

                                  
2

)10(493 22 xxxx
y

                                         (9)   

Replacing  x by 2X in the above equation, we have                       (10) 

2053 2y                                                                             (11) 

   
22 205Let

                                                                           (12)               

which is be written as 

105105 22

                                                                                        (13) 

and (11) becomes 3y                                                                              (14) 

222 105S
                                                                                      (15) 

105Swhere                                                                                          (15a) 

Now, consider the pellian equation of (15) 

15 22S
                                                                                                   (16) 
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whose  least  positive integer solutions  are 9
~

,4
~

00 S
                                                

The  general solution  nnS
~

,
~

  of (16) is given by , 

 
11 )549()549(

2

1~ nn

nS
                                                        (17)                       

11 )549()549(
52

1~ nn

n                                                   (18)            

where n=0,1,2…..                   

Thus the general solutions of (15)   are obtained by  

11 )549()549(
2

10~
10 nn

nn SS
                                       (19)                       

11 )549()549(
52

10~
10 nn

nn                                  (20)  

where n=0,1,2….. 

From (10) , (15a) and (17) we’ve 

1
2

4
f

xn                                                                                                          (21) 

where, 

])549()549[( 11 nnf
    

From (10) ,(14) and (18)  we’ve  

52
101

2
6

gf
yn  , (by taking the positive sign of (11))                    (22)                                                                          
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where 

  
])549()549[( 11 nng

    

Our aim is to get integer solution to (1) which is obtained for n=0,2,4…. 

in (21) and (22) 

1
2

42

F
x n                                                                                                         (23) 

52
101

2
62

GF
y n                                                                                (24) 

Where  

])549()549[( 11 nnF                                                                   (25) 

])549()549[( 11 nnG                                                                   (26) 

Equations (23) and (24) together will give the distinct integral  

solutions of (1).  

 1
2

549
422

GF
x n                                                                                  (27) 

1
2

512922889
442

GF
x n                                                                  (28) 

52

549
101

2

549
622

FGGF
y n                                         (29) 

52

512922889
101

2

512922889
642

FGGF
y n        (30)           
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  The above values of  nx2  and ny2   satisfy the following recurrence relations.   

121618323 22242 nnn xxx
                                                                     (31) 

182418323 22242 nnn yyy
                                                                    (32) 

We give some the numerical values for  n =0,1,2…. in  nn yandx 22  

                       

                     n                    nx2                      ny2  

 

                     -1 

 

                     8 

 

                      12 

 

                     0  

 

                    40 

 

                    100 

 

                     1 

 

                 11560 

 

                   30260 

                   

                     2 

 

               3721000 

 

                  9741700 

 

                     3 

 

            1201673704 

 

            31462022596 

 

 PROPERTIES : 

      
)24(mod022 nn xy

   

    
)24(mod0nn xy

   

   
)20(mod02222 nn yx

       

   
)30(mod04222 nn yx

     

  
)12(mod0422222 nnn yyx
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CONCLUSION:  

In this paper, we have made an attempt to obtain a complete set of non-trivial distinct solutions 

for the non-homogeneous binary quadratic equation. To conclude , one may search for other 

choices of solutions to the considered binary equation and further , quadratic equations with 

multi-variables. 
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